Abstract. An algorithm is presented for finding simple closed symmetric geodesics on the boundary of an n-cube.
§1. Introduction
A geodesic γ on the boundary ∂K
n of an n-cube K n is said to be symmetric if γ is closed and symmetric with respect to the center O n of K n . The following assertions were proved in [1] .
1) The closed geodesics on ∂K n intersect no (n − 3)-faces of K n . Each closed geodesic is a broken line the links of which lie on (n − 1)-faces (facets), and the vertices lie at inner points of (n − 2)-faces.
2) If a cube K k , where 2 ≤ k < n, is the section of K n by a k-plane passing through O n (a central section), then each symmetric geodesic on ∂K k is also a symmetric geodesic on ∂K n . Conversely, if a symmetric geodesic γ on ∂K n has no links on at least one of the facets of K n , then γ is a symmetric geodesic on the boundary of a certain cube K
which is a central section of K n . Therefore, if we pass from the dimension n − 1 to the dimension n, the only "new" geodesics are the symmetric geodesics that pass along each of the 2n facets of K n . The problem that we solve consists in finding symmetric geodesics on ∂K n with precisely this property for various n. (For n = 3, such a geodesic is the hexagon obtained as the central section of ∂K 3 by the plane orthogonal to one of the four great diagonals of K 3 .) As in [1] , we are interested only in the symmetric geodesics that are simple, i.e., have neither self-intersections nor self-overlappings.
1.2.
The above problem was considered in [1] only for small dimensions n = 3, 4, 5. This allowed us to use intuitive geometric methods.
Already for n = 4, it turned out that besides a "1-turn" symmetric geodesic γ passing only once along each of the eight facets of K 4 , there also exist "3-turn" symmetric geodesics. They "surround" γ, filling (together with γ) a certain torus with a crosssection in the form of an open triangle, and thus transforming this torus into a filled torus with a Seifert fibration. (See [2, the beginning of §3].)
For n = 5, in [1] we found a 1-turn symmetric geodesic by an artificial trick.
1.3.
In the present paper, we present algorithms for finding 1-and many-turn symmetric geodesics on the surfaces of cubes of higher dimensions in finitely many steps.
In § §6 and 7, we consider the cases of n = 4, 5, 6, 7 as examples of application of these algorithms.
1.4.
In [1] , we presented a method for finding symmetric geodesics on ∂K 4 . This method involves rolling the unit cube K 4 along the integer lattice in R 3 . As a result, a symmetric geodesic on ∂K 4 is unfolding in R 3 along some ray. The ray was found by geometric arguments.
If for n > 4 we similarly roll the unit cube K n along the integer lattice in R n−1 , then the required geodesic is also unfolding along a certain ray l.
The crucial role for the present paper was played by the following fact: a thorough examination of the results obtained in [1] for n = 3, 4 suggested not only the direction of such a ray, but also the choice of its initial point. This allowed us in §3 to immediately indicate a chain of 2n unit (n − 1)-cubes of the integer lattice in R n−1 along which the cube K n rolls in the course of rectification of a 1-turn geodesic. Rolling along the chosen ray confirms that the 1-turn geodesic obtained is symmetric, suggests which many-turn closed geodesics can be expected for a given n, and helps to construct them and to verify whether they (or at least some of them) are symmetric with respect to O n .
As soon as we have found a symmetric geodesic γ on ∂K n of a certain shape, the other geodesics of the same shape are obtained from γ via self-congruences of K n .
1.5.
Describing the process of rolling for n > 4 involves some specific combinatorial means. For this reason, our notation here differs much from that used in [1] . §2. The initial position of the cube K n and notation for its vertices and faces 2.1. We assume that K n is a unit cube lying in R n (x 1 , . . . , x n ) so that one of its vertices is at the origin and the edges of K n are parallel to the coordinate axes. We call this the initial position of K n .
2.2.
The cube K n has 2 n vertices. In the initial position, the coordinates (x 1 , . . . , x n ) of any vertex A of K n form one of the 2 n possible n-tuples of zeros and units. We denote this n-tuple by σ and denote A by A σ . The n-tuple σ is the index of A σ . In what follows, we rotate and shift K n in R n as a rigid body. However, we preserve the index σ of a vertex adopted in the initial position. So, we will say: "The vertex A σ comes to a certain point".
The cube K
n has 2n facets, which are unit (n − 1)-cubes. We denote them by G i0 and G i1 , where 1 ≤ i ≤ n. The vertices of G i0 are the vertices of K n with x i = 0 in the initial position. For the vertices of G i1 we have x i = 1. The facets G i0 and G i1 are opposite to each other. In the initial position, they both are orthogonal to the x i -axis. §3. Preparation for rolling 3.1. Throughout, we let R n−1 be the hyperplane x n = 0 in R n (x 1 , . . . , x n ), which we call the plane. We regard this plane as a space R n−1 = R n−1 (x 1 , . . . , x n−1 , 0), retaining the zero nth coordinate of all points of this (n − 1)-dimensional space, which is convenient for the algorithms in the sequel. In the initial position in R n , the facet G n0 of K n lies on an (n − 1)-cube Q 1 ⊂ R n−1 . In this position, the index σ of any vertex of K n in G n0 coincides with the index σ of the corresponding vertex of Q 1 ⊂ R n−1 . 
In the space
R n−1 (x 1 , . . . , x n−1 , 0),p 0 = n − 2 n − 1 , n − 3 n − 1 , . . . , 1 n − 1 , 0, 0 .
3.3.
Let l be the ray in R n (actually, in R n−1 ) emanating from p 0 and having the parametric equation (2) 
. :
The ray l passes successively through a sequence of unit (n−1)-cubes of the integer lattice in R n−1 . We are interested only in the first 2n of them, which we denote successively by
Under passage from the (n − 1)-cube Q i to the (n − 1)-cube Q i+1 , the ray l intersects their common (n − 2)-face at the point p i corresponding to t = i n−1 . At the points p 1 , . . . , p n−1 , the coordinates x 1 , . . . , x n−1 successively turn out to be integers. After that, the same order repeats for the points p n , . . . , p 2n−2 , and once again the coordinate x 1 for p 2n−1 becomes an integer. Accordingly, the (n − 1)-cubes Q 1 , . . . , Q 2n in the integer lattice in R n−1 differ from each other by successive shifts by 1 in the direction of the axes
3.4.
We roll the cube K n as a rigid body along the plane
In the favorable case, if the prints of p 0 and p 2n on ∂K n coincide, we obtain a closed and symmetric 1-turn geodesic on ∂K n with vertices p 0 , p 1 , . . . , p 2n = p 0 .
3.5.
If a ray l parallel to l emanates not from the point p 0 , but from an interior point
, then l intersects the same (n − 1)-cubes Q 1 , . . . , Q 2n in the same order, and enters and leaves them through the same (n − 2)-faces as the ray l.
The "flow" of the rays parallel to l and emanating from all points in ∆ n−2 0 successively projects the simplex ∆ n−2 0 to the (n − 2)-faces of Q 1 , . . . , Q 2n through which the ray l leaves these (n − 1)-cubes. We denote the projections by ∆
is an affine mapping. We denote
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use at the moment when, in the course of rolling, the cube K n stays on the (n − 1)-cube Q i , then we shall determine not only the (already known) position of the point p i on the plane R n−1 , but also the "print" p i of p i on ∂K n in the initial position of K n . We need precisely these "prints" of the points p i : they will be the vertices of the required 1-turn geodesic. ; see (1) . 2) Replacing a unique zero row in M 0 by (1, 1, . . . , 1, 0) , we obtain a matrix M 1 ; it is formed by the coordinates of the vertices of the simplex ∆ n−2 1 after shifting it. 3) We replace a unique column in M 1 consisting only of units by a zero column, after which a unique zero row arises. Replacing it by (1, 1, . . . , 1, 0) , we obtain a matrix M 2 , the rows of which are the coordinates of the vertices of the simplex ∆ n−2 2 after shifting it.
We proceed further as in step 3). Replacing a unique column of units in the matrix M i−1 by a zero column and, after that, replacing a unique zero row by (1, 1, . . . , 1, 0) , we obtain a matrix M i .
As n stays on an (n − 1)-cube Q 1 ⊂ R n−1 . We roll K n along the plane R n−1 onto the cell of the integer lattice in R n−1 adjacent to Q 1 in the direction of the x i -axis, and after that, shift K n back (by 1 in the direction opposite to that of the x i -axis) to Q 1 . Then K n undergoes a certain rotation α i , which gives us a self-congruence of K n interchanging the vertices of K n . Now we describe how, knowing the index σ of a vertex A σ , we find the index α i (σ) of the vertex α i (A σ ) = A αi(σ) . The operator α i preserves all coordinates of A σ except x i and x n and transforms the pair (x i , x n ) by the following rule:
This is illustrated in the figure. 
The knowledge of the matrices A(M
are the vertices of a 1-turn closed symmetric geodesic on ∂K 5 .
6.3.
For n = 6, applying Algorithms 1 and 2, we obtain the matrices are the vertices of a 1-turn closed symmetric geodesic on ∂K 6 .
6.4.
Let n = 7. Applying Algorithm 1 and then Algorithm 2, we obtain the following matrices: 
